ON THE ANTICYCLOTOMIC IWASAWA MAIN CONJECTURE FOR MODULAR 

FORMS 

MASATAKA CHIDA AND MING-LUN HSIEH 

Abstract. We generalize the work of Bertolini and Darmon on the anticyclotomic main conjecture for weight 
Cf^ , two forms to higher weight modular forms. 
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Introduction 

This is the continuation of our previous work |CH12| on the analytic side of Iwasawa theory for modular 
forms over the anticyclotomic Zp-extension of imaginary quadratic fields, i.e. the construction of p-adic L- 
C^ , functions and explicit interpolation formulas. The purpose of this article is to prove an one-sided divisibility 

relation towards the main conjecture in Iwasawa theory for modular forms over anticyclotomic Zp-extensions 
■"sj" i by generalizing the proof of Bertolini and Darmon |BD05| for elliptic curves. To state our result precisely, we 

^^ ' introduce some notation. Let / G Sk(ro{N)) be an elliptic new form of the level N with the g-expansion at 

the infinity cusp 

/(g)^5]a„(/)g". 

n>0 

Let K be an imaginary quadratic field with the absolute discriminant Dk- Decompose N — N^N~, where 
jrt i -^^ is only divisible by prime split in K and N^ is only divisible by primes inert or ramified in K. In this 

article, we assume that 

(ST) N^ is the square-free product of an odd number of inert primes. 

Let p be a distinguished rational prime such that 

p]NDk. 

Fix an embedding ip : Q — > Cp. Let E = Qp(/) be the Hecke field of / in Cp, i.e. the finite extension of Qp 
generated by {a„(/)}^. Let O be the ring of integers of E and F be the residue field. Henceforth, we assume 
that 

(ord) / is p-ordinary. 
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i.e. the p-th. Fourier coefficient ap(/) is a unit in O. Let pf : Gq = Gal(Q/Q) — > GL2(-E) be the p-adic Galois 
representation attached to /. Denote by e : Gq — > Z^ the p-adic cyclotomic character. We consider the 
self-dual Galois representation 



2-fc 



(O.f) p}:=pf(g)e— ■.GQ^Gh2{E). 

Let Vf — E®'^ be the representation space of p^. By the ordinary assumption for /, there exists a unique 
rank one GQ^-invariant subspace F^Vf C Vf on which the inertia group of Gq^ acts via £2 . We shall fix a 
Gq-stable lattice Tf C Vf once and for all. Let Af :— Vf/Tf and let F^Af be the image of F^Vf in Af. 
Let Koo be the anticyclotomic Zp-extension of K in Hoc- Let F = Ga\{KoQ/K) and let A = OJFI be the 
one-variable Iwasawa algebra over O. In this paper, we are interested in the A-adic minimal Selmer group 
Se\{Koo, f) for p*r. Recall that for each algebraic extension L over K, the minimal Selmer group Se\{L,Af) is 
defined by 

SeliL,Af):^keT}H\L,Af)^llH\L,,Af)xllH'iL„,Af/F+Af) 

[^ v'jp v\p 

where v runs over places of L and Ly is the completion of L with respect to v. It is well-known that Se\{Koo , Af) 
is a discrete co- finitely generated A- module. 

On the other hand, in [CII12, Theorem A] we construct a theta element 6*00 e A obtained by the evaluation 
of an p-ordinary definite quaternionic modular form at Gross points, and a complex number ^f^N- G C^ 
attached to (/, N^) such that for every finite order character % : F — > /ipoo of conductor p", the anticyclotomic 
p-adic L-function Lp{Koo, /) '■— d^ satisfies the following interpolation formula: 

(0.2) xiLpiKooJ)) =r(^)2 . ^^^/I^'^'^^ • ep(/,x)^ •p"«p(/)-^"(p"i^K)'=-^ • u^^/d^, 

where ap{f) is the p-adic unit root of the Hecke polynomial X^ — ap{f)X +p'^^^, uk = #(C']^)/2 and ep(/, x) 
is the p-adic multiplier defined by 

1 ifn>0, 

ep(/,x) = \ (1-X(p)p^ap(/)"^)(1-X(p)p^ap(/)"^) if n = and p = pp is split , 
1 — p'^~^Q;p(/)"^ if n = and p = p is inert. 

In general, this complex number Q.f jv- belongs to fi/ • O. where 51/ is the Hida's canonical period. Recall 
that 

„ _ 4^-V"ll/l|ro(Ar) 

'" miN) ' 

where ||/||ro(Af) i^ the Petersson norm of / and rjf{N) is the congruence number of/ among forms in S'fc(Fo(-/V)). 
The main result of this paper is to prove under certain hypotheses an one-sided divisibility result towards the 
anticyclotomic main conjecture asserting an equality between the characteristic power series charASe^iiToo, Af) 
and the p-adic L- function Lp{Koo, f)- To describe our hypotheses explicitly, we need to introduce some 
notation. Let pf be the residual Galois representation of pf. Throughout, we assume that the prime p satisfies 
the following hypothesis: 

Hypothesis (CR+). (1) p > fc -I- 1 and #(F^)'=-i > 5, 

(2) The restriction of pf to the absolute Galois group of Q(a/ (— 1)t~p) is absolutely irreducible, 

(3) Pf is ramified at £ if either (i) £ \ N~ and £^ = 1 (mod p) or (ii) £ \\ N^ and £= 1 (mod p), 

(4) Pf restricted to the inertia group of Q^ is irreducible if ^^ | A^ and £ = —I (mod p) . 

We will further assume 
(PO) ap(/)2 ^ 1 (mod p) if fc = 2. 

Remark 1. (1) Under the hypothesis (CR^), it is proved in [ CH12[ Proposition 6.2] that 

57/ jv- = u- Vtf for some m G O^ 
if we further assume pf is ramified at all primes dividing N^ . 
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(2) (CR+2) implies that the definition of the Selnier group Sel(iiroo, Af) does not depend on the choice of 
the lattice Tf. 

(3) (jPOp implies that ep{f, 1) ^ (mod p), where 1 is the trivial character. This is an analogue in higher 
weight case of [BD94' Assumption 2.15]. 

(4) Since N^ > 1 is square- free, / can not be a CM form, and hence the hypothesis (CR^) holds for all 
but finitely many primes p. 

Theorem 1. With the hypotheses (CR ) and (jPOp for the prime p, we have 

chavASeliK^, Af) D {Lp{K^J)). 

Remark 2. (1) For the case k = 2, this theorem was proved by Bertolini and Darmon |BD05| with the 

hypotheses for / being p-isolated and the maximality of the image of the residual Galois representation 
pf. The former assumption was removed by Pollack and Weston [ PW11| . We remove the assumption 
on the image of the residual Galois representation by looking into carefully Euler system arguments 
in |BD05| . 
(2) It is expected that the other divisibility follows from the work of Skinner-Urban |SU10| on the three- 
variable main conjecture for / together with the generalization of Vastal's result on the vanishing of 
/x-invariant of the p-adic L-function Lp{Koo,f) f |Vat03j and |CH12| V 

We obtain the following immediate consequence of Theorem [T] and |CH12I Theorem C] . 

Corollary 1. With the hypotheses in Theorem\^ the A-module Se\{Koo, Af) is cotorsion with the trivial 
fi-invariant. 

Combined with control theorems of Selmer groups and the interpolation formula of Lp{Koo, /), the above 
theorem yields the following consequence: 

Corollary 2. With the hypotheses in Theorem [71 if the central L-value L{f /K, ■^) is non-zero, then the 
minimal Selmer group Sel(_R', Af) is finite and 

Fitto{Se\iK, Af)) ■ TT Tam,(/) D ( ^^^/^^^A q, 

t\N+ \ "-^'^^ / 

where Tam£(/) = Fitt© H'^{K'^'^ ,Tf)^^^^ are the local Tamagama ideals at P\N^ . 

The reader might be aware of the missing of local Tamagawa ideals at l\N~ in view of Bloch-Kato conjecture. 
This discrepancy is due to the complex number ^f^N- is different from the canonical period flf in general. 
When k — 2 and N is square-free, it is proved in |PW11| that the ratio ^f^N- /^/ is precisely a product of 
local Tamagawa ideals at £\N~ . 

The proof of Theorem [T] relies on the existence of Euler system together with the first and second explicit 
reciprocity laws a la Bertolini-Darmon for the Galois module Tf. This is a generalization of the construction in 
|BD05j for elliptic new forms of weight two. To explain the main idea of the construction of the Euler system, 
we introduce some notation. Let w he a, uniformizer of O and let A„ = A (g)© O/w'^O for a positive integer 
n. Let Tf^n — Tf/m'^Tf and Af^n — kerjccf" : Af — > Af}. Following Bertolini and Darmon, we construct by 
the technique of level-raising the Euler system £„ for each n arising from Heegner points in various Shimura 
curves with wildly ramified level at p. This Euler system 5„ is a collection of norm-compatible cohomology 
classes KTi{£)m € H^{Km,Tf^n) for Koo/Km/K indexed by {i,T>), where £ is an n-admissible prime for / 
(Definition [TTT]) and T> — (A, g) is an n-admissible form, a pair consisting of A = N^ ■ S with S a square-free 
product of an even number of n-admissible primes and a weight two p-ordinary eigenform g on the definite 
quaternion algebra of discriminant A such that Hecke eigenvalues of g are congruent to those of / modulo 
tu" (Definition 14. ip . To each n-admissible form T> — {A,g), we can associate a finitely generated compact 
A„-module Xx>, the Pontryagin dual of the A-ordinary Selmer group for Ty_„, and a theta element 0x> € A„ 
obtained by the evaluation of g at Gross points. The first reciprocity law gives a connection between the 
Euler system kx){£) and the theta element Ox,, by which one can control the Selmer group Xx, in terms 
of 0x>, and the second reciprocity law is a kind of level raising argument at two primes, which provides a 
decreasing induction on theta elements (or rather p-adic L-functions) . The main novelty in this paper is 
to establish the connection between this Euler system £„ and the p-adic i-function Lp{Kac, f) of / modulo 
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■nj" by the congruence between theta elements attached to weight two forms and higher weight forms. A 
key observation is that when A — N^, we can construct an n-admissible form 2?o = {N~,go) such that 
Xxig — Sel(i^oo, ^/)^ (mod nj") and 6^ = Lp{Koo, f) (mod w") (Proposition 16.13")) . We remark that we do 
not make use of the congruence among (definite quaternionic) modular forms of different weights but rather 
we exploit the congruence between the evaluations of modular forms of weight two and higher weight at Gross 
points. Thus, our approach does not provide perspective for the two variable main conjecture in |LV11| by 
varying / in a Hida families, although Hida theory is also a key tool used to avoid the technical difficulties 
arising from the use of Shimura curves with wildly ramified level at p in our proof. 

The hypothesis (CR^)is responsible for a freeness result of the space of definite quaternionic modular 
forms as Hecke modules in [CH12', Proposition 6.2]. The application of this freeness result is twofold. On 
the algebraic side, it is used crucially in the level raising argument for the construction of Euler system and 
in the proof of second reciprocity law. On the analytic side, it implies the equality between two periods flf 
and r^yjv- up to a p-adic unit. The assumption ()P0|) roughly says / is not congruent to an eigenform which 
is Steinberg at p. It is needed for the application of the version of Ihara's lemma proved in |DT94|. The 
hypothesis (CR^) is an analogue of (CR) in |PW11| for the weight two case. It might be weaken by a careful 
analysis of the method of the proof of |CH12I Proposition 6.2]. However, it seems difficult to remove (jPOp 
unless one works out p-adic Hodge theory used in [DT94 for the case of semi-stable reduction. 

Since we work in the higher weight situation, one might look for the the Euler system arising from CM cycles 
on Kuga-Sato varieties over Shimura curves. Indeed, the first author in [Chi 13] adopts this construction and 
proves the first explicit reciprocity law for this Euler system without the ordinary assumption for p. However, 
there remains issues to be addressed in arithmetic geometry in order to prove the second explicit reciprocity 
law by a direct generalization of the proof of Bertolini-Darmon, where the crucial ingredient is the surjectivity 
of the Abel-Jacobi map from the supersingular part of the Jacobian of a Shimura curve over finite fields to 
the unramified part of Galois cohomology H\J^Ki,Tf,n) for n-admissible primes t. In this case, Bertolini and 
Darmon are able to use a Ihara's result to reduce this surjectivity to a version of Ihara's lemma proved in 
|DT94| ■ while in the higher weight case, we do not even know the surjectivity of the Abel-Jacobi map from 
the Chow groups to the unramified part of Galois cohomology. 

This article is organized as follows. In ^ we recall basic facts such as control theorems for various Selmer 
groups. In ^and ^ we review theory of p-adic modular forms on definite quaternion algebras and Shimura 
curves. In 21 ^^nd ^ we give the construction of Euler system and the explicit reciprocity laws. In ^ we carry 
out Euler argument and prove the main results Theorem [T] and Corollary [5] in Theorem l6.14l and Corollarv l6.15l 
respectively. 

Notation. We fix once and for all an embedding too : Q ^^ C and an isomorphism t : C ~ C^ for each 
rational prime t. where C^ is the completion of the algebraic closure of Q^. Let l^ — lLoo : Q ^-^ C^ be their 
composition. Let ord^ : C^ — > Q U {oo} be the £-adic valuation on C^ normalized so that ord^ (£) = 1. 

Denote by Z the finite completion of the ring Z of rational integers. For each place q, denote by Zg the 
q-adic completion of Z. If M is an abelian group, let M = M (gjz Z and Mq = M (E)z Zg. If i? is a commutative 
ring, let Mr = M <»z R- 

If L is a number field or a local field, denote by Ol the ring of integers of L and by Gl the absolute Galois 
group. If L is a local field, denote by II the inertia group and by L^^ the maximal unramified extension of L. 

For a locally compact abelian group S, we denote by S^ the Pontryagin dual of S. 

The letter £ always denotes a rational prime. 

We will retain the notation in the introduction. In this article, in addition to (JSTJ and (jord|) . we will assume 
the prime p \ NDk satisfies 

(CR+1) p > /c + 1 and #(F;)'=-i > 5. 



1. Selmer groups 
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1.1. Galois cohomology groups. Let L be an algebraic extension of Q. For a discrete Gi-niodule M, we 
put 

H\Li,M)=^H\Lx,M), H\Il,,M)=^H\Il,,M), 

where A runs over all primes of L dividing £. Denote by res£ : H^{L, M) -^ H^{Li, M) the restriction map at 
£. Define the finite part of H^{Lt, M) by 

Hl^{L,, M) = ker {H\Lt, M) ^ H\Il, , M) } , 

and define the singular quotient of H^{Li, M) by 

i?lg(L,, M) = H\L,, M)/HUL,, M). 

The natural map induced by the restriction dt : H^{L,M) — > H^^ {Li, M) is called the residue map. For 
K e H^{L, M) with dt{K) = 0, we let 

denote the image of k under the restriction map at I. 



1.2. Selmer groups. We will retain the notation in the introduction. Recall that we work with the self-dual 
Galois representation p*. :— pf (g) e^~ : Gq -^ Auto Tf attached to the new form / e S'^''*(ro(A^)). Then it 
is known that pZ satisfies 

(1) p*f is unramified outside pN. 

(2) The restriction of p!- to Gq is of the form '' 2-^ , where %„ is unramified and x(Frobp) = 

\^ Xpe ^ / 

ap(/)- 



* 



(3) For all i dividing N exactly, the restriction to p*. to Gq^, is of the form ( j , where 1 denotes the 

trivial character. 

Fix a uniformizer vo of O. Let n be a positive integer. Let T/-.„ — Tf /ru'^Tf and A/,n — ker{ti7" : Af -^ ^/}- 
As Gq-modules, we have Ty;„ ~ ^f.n and A/,n — Homc)(T/^„, ^^/©(l)). 

Definition 1.1. A rational prime £ is said to be n-admissible for / if it satisfies the following conditions: 

(1) i does not divide pN , 

(2) I is inert in K/Q, 

(3) p does not divide £^ — 1, 

(4) n7" divides £$ + £^ - ei&i{f) with e^ G {±1}. 

Let L/K be a finite extension. In what follows, we introduce a Gq^-invariant submodule F'^ Af,n and 
define the ordinary part of H^(Li, Af^„) for £ a prime factor of pN^ or an n-admissible prime. For the prime 
p, we let Fjj'Vf C T^ be the i<^-rank one Gq^-invariant subspace on which the inertia group /q^ acts via e^. 
Let F+Af be the image of F+Vf in Af and F+Af^-a = F+Af n A/,„. If £ \ N', we let F^Vf C Vf be the 
unique i?-rank one subspace on which Gq^ acts by either e or sti, where e is the p-adic cyclotomic character 
and T£ is the non-trivial unramified quadratic character of Gq^. Let F^^^Af be the image of F'^Vf in Af and 
F^Af^n = Pit^f ^ ^f-n- If ^ is n-admissible, then Vf is unramified at £ and (Frobf — €i)(FTohe — ei£) = on 
Af^n for the Frobenious Frob^ of Gq^. We let F^Af^n C Af^n be the unique C'/(n7")-corank one submodule 
on which Frobf acts via the multiplication by ee£. In all cases, define the ordinary part of H^{Li, Af^n) by 

H^,^{Li,Af,a) = kCT{H'{Li,Af^r.) -^ H'{Lp,Af,a/F+Af,a)} ■ 

The ordinary part H^^^{Li,Tf_n) of H^{Li,Tf_n) can be defined in the same way. 

Let A be a square-free integer such that A/N^ is a product of n-admissible primes (so A''" | A) and let S 
be a square-free integer with {S,pAN) — 1. 

Definition 1.2. For M — Af^n or Tfn, we define the A-ordinary the Selmer group Scl^(L, M) attached to 
(/, n, A, 5*) to be the group of elements s in H^{L, M) satisfying 

(1) dt{s) = Qioral\£\pAS, 
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(2) res^(s) G H^^^{Le, M) at the primes I \ pA, 

(3) rese{s) is arbitrary at the primes £ \ S. 

When 5 = 1, we simply write SelA(i,M) for Sc\^^{L,M). 

Let TO be a non-negative integer. Denote by Hm the ring class field of conductor p™. Let Gm — Gal{H„i / K) 
and let H^o = U,^^iiJ„. Let K„i = K^o n Hm and r„ = Gal{K^/K). Then K^o = ^^^iK^ and T = 
lim r,„. Let A = O^TJ — Um 0[r„i] be the one- variable Iwasawa algebra over O and let ttia be the 

maximal ideal of A. Let H^{Koo,Af^n) — linj H^{K„i,Af^n) and H^{Koo,Tf) = lim H^{Km,Tf^n), where 
the injective limit is taken with respect to the restriction maps and the projective limit is taken with respect to 
the corestriction maps. The local cohomology groups Hl{Koo, ^/.n) and Hl{Koo.e, Tf^n) for • £ {fin, sing, ord} 
are defined in the same way. We define 

SelA(i^oo,^/,n) =lim Se\A{Km,Af^n); 



Se\^{Koc,,Tf^n) =lim Se\^{K„i,Tf^ri) 



Then SelA(ifoo, ^/.n) (resp. Sc\^{Koo,Tf^n)) a discrete (resp. compact) A-module induced by the standard 
F-action. The following is proved in [P WllI Proposition 3.6]. 

Proposition 1.3. Suppose that (CR ) holds. Then Sel^y- (i^oo, Af) = lim Sel^y- {Koo, ^/.n) *s a A-submodule 
of Sel{Kao, Af) with finite index. //Sel^v- (-ft'ooj^/) is A-cotorsion, then Se\]^-{Koo, Af) = Se\{Kao,Af). 

1.3. Local cohomology groups and local Tate duality. We gather some standard results on the local 
cohomology groups in this subsection. 

Lemma 1.4. Suppose that £ ^ p. Then 

(1) If £ is split in K/C^, then 

iJi„g(ifoo,^,r/,n) = {0} , HUK^,e,Af,^) = {0}. 

(2) If £ is non-split in K/C^, then 

and 

Hl^{Kooj, Af^^) ~ Hom(i/lg(ir,, Tf^„) ® A, E/O). 

Proof. This is |BD05[ Lemma 2.4, Lemma 2.5]. The argument there holds even if £ | A^. D 

Lemma 1.5. If £ is n-admissible, then 

(T) Hi- (Ki.,Tf^n) (md H^^{Ke,Tf_n) are both isomorphic to O/izr^O. 

(2) H}^^^{Koo,i,Tf^n) and Hl^^{Kooj,Tf^„) are free of rank one over A/ m" A. 

(3) We have the decompositions 

H\Koc,i,Af,„) = Hl^-^{K^,e, Af,n) ® H^^iK^j, Af^n). 

Proof. Since Af^n is unramified at £, we have a direct sum Af^n = F'^ Af^n ® F^ Af^n as Gq^-modules, 
where Ff Af,n = (Frob^ — et£)Af^n- An easy calculation shows that 

HUK,,Aj^„) = H\Kr/Ke,Aj^„) = H\KriK,,F~Af^^) ~ F-A/,„. 

We thus have 

H\Ki,Af^n)=H\K,,F-Af^n)®H\Kt,F+Af^n) 

^HlJKe, Af^n) ® Hi^iKi, Af^n). 

Combined with Lemma IL4I (2) , the lemma follows immediately. D 
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Since Afn and Ty „ are isomorphic to their Cartier duals, the pairing induced by the cup product on the 
Galois cohomology gives rise to the collection of local Tate pairings at the primes above i over Km ■ 

(' )m.e '■ ^ iKm.,l,Tf^„) X H {Km,l,Af^n) — ^ Qp/Zp. 

Taking the limit with m, we obtain a perfect pairing 

(, ), : H\Kooj,Tf^n) X H\K^^e,Af^r.) -^ Qp/Zp. 
These pairings are compatible with the action of A, so they induce an isomorphism of A-modules 

The following result is well-known. 

Proposition 1.6. Suppose that i ^ p. H^^{Koo,e, Af^n) o,nd H^^{Koo/,Tf,n) are orthogonal complements 
under the pairing {, )e. In particular, H^^{Kao.e, Af_n) and H^^ {Kao.e, Tf,n) are the Pontryagin dual of each 
other. 

Proof. This is well-known. For example, see |RubOO| Proposition 1.4.3]. D 

Proposition 1.7. Suppose that £ is n-admissible or £ divides pN^ . Assume further that (jPOp and 

(CR"'"3) pf is ramified at £ if £\ N^ and £ = 1 {mod p). 

Then we have 

(1) H^^^{K oo, I, A f_n) and H^j.^{Koo,i,Tf^n) o,re orthogonal complements under the local Tate pairing. 

(2) If £ is n-admissible, then II^^{Koo,f.,Tf^n) and H^^^{Koo,e, Aj^n) are the Pontryagin dual of each other. 

Proof. The assertions for n-admissible primes follow from Lemma [TT5] and Proposition 1 1.6 1 Let £ \ N^. We 
prove part (1) for ^. A simple calculation shows that 

Therefore, it suffices to show II^^.^ {Kg,Af ^n) and II^j.^{Ki,Tf,n) are orthogonal to each other. If p/ is unram- 
ified at e, then £^ ^ 1 (mod p) by (|CR+3|) '. and the orthogonaHty follows from H^{K^,0/ru"0{e^)) = {0}. If 
Pf is ramified at £, then 

H\Kr'/Ke,F+Af,^) 4 HUKe,Af^^) ^ Hl^{K,,Af^r,). 

In addition, it is to easy to see 4{Hl^{Ki,Af^rd) = if{A^^'^'). This shows iJ^„(A'f, Ay^„) = H^^^{Ke,Af^„), 
and the assertion follows from Proposition 11.61 

We consider the case £ — p. Let L/Ka^ be a finite extension in Koo- By the following Lemma [L51 the duality 
(F+A/,„)^(l) ~ Af^n/F^Af^n — Onis^~) and by a simple calculation, we find that II^{Lp,F^Af^n) -> 
^ord(-^P' ^/>n) ^^^ ^^ exact scqucncc 

O^H\Lp,F+Af,,) ^ H\Lp,Af^r.) ^ H\Lp,Af^„/F+Af^n) ^ 0. 
The assertion for £ — p now follows from II^{Lp, C'„(e'^)) — {0} for fc > 1. D 

Lemma 1.8. Suppose that ()P0|) holds. Then we have H°{Lp, Af.,jF+Af.,i) = {0}. 

Proof. Let T7„ := Tf^n/F^Tj^n- Let u be a place of L above p. Since Ly{p,p^i) and i"'' are linear disjoint, 
the cyclotomic character e : /^.i, — > Z^ — > F^ is surjective. If fc > 2 and ^ — 1 < p — 1, then 

{TjJ^- - {On{e^'i)Y-^' - =^ (T-J«-" = {0}. 

If fc = 2, then the Frobenious Frob„ acts on Tr by a scalar ap{fY'' , where ap{f) is the unit root of the Hecke 
polynomial X^ — ap{f)X + p'^^^ and r« = 1 if p is spHt and r„ = 2 if p is inert. By (jPOj) . ap{fY — 1 is a 
p-adic unit. Then we find that 

(T^nf''^ = (T-J[(Frob„)P^ - 1] = (r-J[ap(/)'-"P= - 1] = {0}. 

Here p* is the inertia degree of Ly/Ky. This completes the proof. D 
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1.4. Global reciprocity. By the global reciprocity law of class field theory, for k E H^{Kac,Tf n) and 
s e H^{Koo,Af^n), we have 

Y^ (reSq(K),reSq(s))q =0. 

q: prime 
S 

Since the local conditions of Se\^{Koo, Tf_n) and ScIaC-^^oc, ^/,ri) are orthogonal at the primes not dividing S, 
if K belongs to Sel^(/'iroo,'77_„) and s belongs to SelA(-f^oo, ^/.n), then we have 

(1.1) Y.^d,{n),v,{s)),^0. 

q\S 

1.5. Control theorem (I). Let S* be a square-free product of n-admissible primes. We prove control theorems 
for the discrete Selmer groups Se\^{KoD,Af^n)- Let L/K be a finite extension in Koo- 



Proposition 1.9. Suppose that ()P0|) and 

(Irr) the residual Galois representation pf : Gq — > Antci{Af^i) is absolutely irreducible. 

Then 

(1) the restriction maps 

H\K,Af,,) ^ i7i(i,A/,„)G'^'(^/^\ Seli(if, A^-^„) ^ Seli(L, A/,„)G'^'(^/^) 

are isomorphisms. 

(2) Seli(L, A/^„) = Se\i{L,Af)[w% 

Proof. Since Koo/Q, is a Galois extension, by the residual irreducibility of p^ we have T.^°° — 0, and 
hence we have an isomorphism H^{K,Af_n) — ff^(i, ^/.n)^^''-^^^''- To show part (1), it suffices to show 

(a) H^{K^\Af^ri) -^ H^{LY,Af,r,) is injective for ^|pA, and 

(b) H^{Ki,Af^jF+Af^r.) -^ H\Le,Af,^/F+Af,„) is injective for £\pA. 

Since L/K is unramified outside p and anticyclotomic, for each place A of L above £ ^ p, we have K™' = L^- 
This verifies (a) . Part (b) for £ | A follows from the fact that K\ = L\ for any prime A of i above £ which is 
non-split in K. Part (b) for £ = p is an immediate consequence of Lemma 11.81 

Part (2) can be proved in the same way. We omit the details. D 

2. p-ADIC MODULAR FORMS ON DEFINITE QUATERNION ALGEBRAS 

2.1. Hecke algebras of quaternion algebras. Let _B be a quaternion algebra over Q and let _B = _B (E)z Z 

be the finite completion of B. Denote by As the absolute discriminant of B. If E is a positive integer, then 
]jx ^b'-^)xb^^^, where 

S(^)^ =|xei3^ |a;g = lVq|s} ; B^^^ ^ \^x e B' ja;, = lVqtI]}. 

If U is an open compact subgroup of _B^ and x E B^ , we denote by Uq (resp. Xq) the local component of U 
(resp. b) for each prime q. 

The Hecke algebra T-LiB" ,U) is the space of Z- valued bi-Z//-invariant functions on B^ with compact support, 
equipped with the convolution product 

{a*P){x)= a{y)(3{y~'^x)dy, 

J Bx 

where dy is the Haar measure on B^ normalized so that vo\{U,dy) = 1. For each x £ B^ , denote by [UxU] 
the characteristic function of the set UxU. For each prime q, we set 

(2.1) ^,= {l ?):^.= (o °)eGL2(Q,). 
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We fix an identification i : B'^^b) ^ M2(Q('^«'). Let Af+ be a positive integer with (A/+, A^) = 1 and 
let Rm+ be the Eichler order in B of level M+ with respect to i. Suppose that p \ Ab- For a non-negative 
integer n, we define a special open compact subgroup U]^j+ p^ d B^ by 

(2.2) Z^M+,p" := ix e ir^+ \xp=(^ ''] (mod p"), a, 6 G Z, 

Let U = Um+,p^- Let E ;= p"Af+AB. By definition, we have i : 0^^"" ,U<-^^) ~ (GL2(Q(^)), GL2(Z(^))). 
Denote by T^^ {M+) the subalgebra of HiB"" ,U) generated by [UxU] with x E S'^^^. Then 

T'^p{M+)^z[T,,Sg,s;'\q]j:], 

where Tq and Sq are the standard Hecke operators at the prime q given by 

(2.3) Tq^[Ur\7:q)U], Sq=[Ur\zq)U]. 

We proceed to introduce Hecke operators at q | S. If q | Ab, choose tt' G Bq with N(7r' ) = q. Define the Hecke 
operator Uq a.t q\ M+A^ by 

(2.4) Uq = [Ul-^iTTq)U] if q \ M+ , Uq = [UTr'qU] if q \ Afi. 

If n =: 0, then U — R^j+ , and we define 

(2.5) Ts(M+) = Z [{T,,5„5-i | qI S} ,{C/, | q\^}] = T|(Af+) [{(7, U| E}] . 
Suppose that n > 0. For the prime p, we define Hecke operators Up and (a) for each a G Z^ by 

(2.6) Up^[Ui-\7Tp)U], {a) = [Ut-\d{a))U] (d(a) = ("jj j") G GL2(Zp)). 

Let Ts(M+,p") be the (commutative) subring of T-L{B^ ,U) generated by Hecke operators at all primes. 
Namely, 



(2.7) 



Tb(M+,p") =Z [{Tq,Sq,Sq^ \ q \ Y.) , {U q | (?| Af+A^-} , {Up, (o) | a G Zp^}] 



=T^^^(Af+)[{[/„(a)U|S,aGZ;}] 



We call Ts(A/+,p") (Tb(M+) if n = 0) the complete Hecke algebra of level U. For each prime £, let 
T^-^(M+,p") be the subring of Tb(M+,p") generated by Hecke operators at primes q ^ L 

2.2. Definite quaternion algebras. We recall some notation from |CH12| §2.1]. Let K be the imaginary 
quadratic field with the discriminant —Dk < and let d — \/ —Dk- Write z i— >■ z for the complex conjugation 
on K. Define 6 E K by 

2 ' \dk/2 ii2\DK. 

Then Ok — Z + Z ■ 6 and 60 is a local uniformizer of primes that are ramified in K. 
Let B be the definite quaternion over Q with the discriminant A^. Suppose that 

(2.8) A^^ I Ab, (AB,Ar+) = 1 andpfAs. 

Assume further that every prime factor of Ab/N^ is inert in K. Thus, we can regard iiT as a subalgebra of 
B. Write T and N for the reduced trace and norm of B respectively. Let p be the prime of K above p induced 
hy ip : K ^^ Cp. We choose a basis oi B = K (B K ■ J over K such that 

• J^ = /3 G Q^ with a square- free /3 < and Jt = tJ for all t & K, 

• /3 G {Z^- )2 for all q | A^+ and /3 G Z^ for q \ Dk- 

Fix a square root \/^ G Q of /3. We choose an isomorphism i = Hq+A *<? ■ B^^'^^^ ~ Af2(Q^^^-') satisfying 
the following conditions. For each finite place q\pN^, the isomorphism iq : Bq = B (g)Q Q, ~ M2{Qq) is 
defined by 

(2.9) i,(«) 



-(T "T)^ ^,w-^-(-„' T) (v^*^^ 
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For each finite place q jpA^+A^, iq : Bq c:i -^^2(Qq) satisfies 

(2.10) lq{OK®1q)CM2{Zq). 

Hereafter, we shall identify i3('^s)x ^-^^-^ M2(Q(^^^) via i and let 

lA = lAj\i+ pTi 
be the open compact subgroup as in (12. 2p . By definition, 

(2.11) UdZ"" ;Ue^GL2{Ze)i{i\pN+AB■ 
2.3. p-adic modular forms. Let A be a p-adic ring. Let fc > 2 be an even integer and let Li.{A) = 
A[X, Y]k-2 be the space of homogeneous polynomials of degree fc — 2 over A. Let pk ■ GL2{A) — >■ Aut^ Lk{A) 
be the unitary representation defined by 

Pkih)P{X, Y) = dct{h)-^ ■ P{{X, Y)h) {h e GL2(A), P{X, Y) e Lk{A)). 
Define the space S^{U, A) of p-adic modular forms on _B^ of weight k and level 14 by 

Si{U,A} = [f : i?^\SX ^ Lk{A) I f{bu) = pk{u;')f{b), u = {uq) e u] . 
The space S^{U,A) is equipped with TB(A^+,p")-action defined by 
[UxU].f{h) = Y^ fihux) if a; e S^'''^; 

u&A/Ur\xUx-^ 

(2.12) (a) ./(6) =pfc(d(a))/(6d(a)) (aeZ^); 

Up.f{b)= J2 Pk{u)pki^p)fibuTTp) i^P=rQ JeGL2(Qp)), 

ueUp/UpriTTpUpTTp 

where pk{TTp) G EndA Lk{A) is defined by pk{TTp)P{X,Y) := P{pX,Y). If p is invertible in A, then 

Up-f{b) =p^~ ■ ^ pk{uTrp)f{buTrp). 

uGUp /UpnTTpUpTTp 

We note that the operator Sq acts trivially and Uq is an involution if q \ A^ on S^{U, A). 

2.4. We shall write S^{U, A) — 5^(W, A) for the space of A- valued modular forms of weight two and level 
U. Denote by Xb(U) the finite set 

Xb{U) ■.= B''\B'' /U. 

For each h G B^ , denote by [b]u the point in Xb{U) represented by b. The Hecke algebra Tb{N~^,p") acts on 
the divisor group Zi[Xb{U)] by Picard functoriality. By definition, we have a canonical identification: 

(2.13) 5^(Z^,Z) = {/ : XBiU) ^ Z} ~ Z[Xb(Z^)]. 

Define the Atkin-Lehner involution t„ G i?f^^+^ by Tn.q = ni\r+ n ) ^^ q\p"N''^ and r„_g = 1 if q | 

pN^ . Then t„ normalizes U, and hence induces a right action on Xb{U). Define a perfect pairing {,)u '■ 
S^{U,A)xS^{U,A)^ A hy 

(2.14) {fij2)u= Y. /i(&)/2(&^n)-#((^'nttY6-i)/QX)-i. 

[b]MeXB(w) 

Then the action of Tb(A^+,p") on S^ {U, A) is self-adjoint with respect to ( , )u. Namely, 

{tfi,.f2)u - {fi,tf2)u for all t e Tb{N+,p"). 
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3. Shimura curves 

3.1. We recall some basic facts of geometry of Shimura curves, following the exposition in [Nekl2i §1]. In this 
section, let (. \ N~^Ab be a rational prime which is inert in K and B' is the indefinite quaternion algebra over 
Q with the discriminant Ab£. We fix a Q-embedding t' : K ^^ B' and an isomorphism ipB,B' '■ B'--^^ ~ B'^^^ 
once and for all such that t' induces the composite map 

K^t) ^ B'^e) "P^ ^1(1)^ 

Put 

U{e) ■.= UN+t,p^ = [ueU\ui=r^ J (mod £) 

Let Ob' be the maximal order of B'^. Let U' be the open compact subgroup of B'^ given by 

(3.1) U':=^BM'{U'^''')Ol,. 

We denote by Mw /q be the Shimura curve attached to B' of level U' . The complex uniformization of Mjji is 
given by 

Mu'{C)=B'"'\{C--R.) X B'^/W. 

For z e C — R and h' E B'^ , denote by [z, h']u' the point of Mu'{C) represented by (z, b'). 

3.2. ^-adic uniformization of Shimura curves. There is an integral model M.u' of Afw' ^Q Q^ over Z^, 
which is projective over Z^ \iU' is sufficiently small |BC91I Theorem (3.4)]. We review the description of the 
completion Mu' of Mw along the special fibre due to Cerednik |Cer76| and Drinfeld |Dri76| . Let Hi be the 
Drinfeld's ^-adic upper half plane, which is a rigid analytic variety over Q^ and an analytic subspace of Pq''". 

The Cf-valued points of T-Li are He{Ci) = P-'^(C£) \ P^{Cle). Then Aiw is canonically identified with 

(3.2) B^\H^§z,Zr X B^^y" /U^'\ 

where T-Li is a natural formal model of T-Lt and b £ B^ acts on fie (resp. on Z"*") via the natural action of 
B"" C B^ ~ GL2(Qf) on Pj^^" (resp. by Frob°'''^'^^^''^^) C lBCOTl Theorem5.2]). Denote by M^^ the rigid 
analytification of Mw ® Q^ . Then Af^J" — -^W ® Q^ the generic fibre of Mu', and 

Since U^'^^ C Z^^, we find that 

(3.3) Mu'iCe) = i?^\H,(Q) x Z/2Z x B^V^^'^ 
where b e B^ acts on Z/2Z via j ^^ j + ord£(N(fo)). 

3.3. Bad reduction of Shimura curves. Let ^i = '^{■'^f) U^(=^) t>e the dual graph of the special fibre of 
T-Li, where V{^i) and £{S^e) denote the set of vertices and edges of 5^ respectively. Then 3^ is the Bruhat-Tits 
tree of Bf ~ GL2(Qf). Let c (5^) be the set of oriented edges. We have the identifications: 

Let Q = V(t/)|J£(CJ) be the dual graph of the special fibre of Mu' ®Ze Okc- The set V(^) of vertices 
of Q consists of the irreducible components of A4u' ^z^ ^e^, and the set £{G) of edges of Q consists of the 
singular points in A4u' ®Zi, ^i^- Let red^ : Mu'{Ce) -^ G = ^{Q)\_\^{Q) ^^ the reduction map. By |Nekl2l 
Proposition 1.5.5], p.2p induces an identification: 

V{g) = B''\(v{.%) X Z/2Z X s^v^'^^) =B"\(B^/Utq;'i X Z/2Z X s^v^'^^ 
(3.4) 

B'^XB^'/U] X Z/2Z = Xb{U) X Z/2Z 



where the last isomorphism is given by 

Bx (btUt,jM''^U^'^) ^ (^[beb^%,j + orde{N{bi)) 
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and 

't{g)^ (b''\B'' /U{t)^ X Zl2Z = XB{U{i.)) X Z/2Z. 

We will regard S{Q) as a subset of E {Q) via 

(3.5) £{g) = Xb{U{£)) ^ Xb{U{1))x {0} ^ 7(0). 

3.4. Bad reduction of the Jacobian of the Shimura curve. Let J{Mui) be the Jacobian of the Shimura 
curve Mw- If L/Q is a field extension, let Div° Mwi^L) be the group of divisors on J{Mu'){L) of degree zero 
on each connected components of Mu' ®q L. For D € Div° Mu'^L), denote by cl{D) G J{Mi('){L) the point 
represented by D. The prime-to-^ Hecke algebra T-L^^^B'^ ,hl') acts on J{Mu') via the Hecke correspondence 
on Mjji and Picard functoriality (c/. |Nekl2i §1.3.4]). The isomorphism ips.B' '■ B'^^^ ~ B''^^^ induces an 
isomorphism 

(/?, : n^'^B'' ,U{£)) ^ H^'^B'-^M'), [U{£)xU{£)] ^ [U'^b,b'{x)U'] {x e B^^^'). 

We extend ip^ to a ring homomorphism 

^, : Ts(^iV+,p") ^ Tb'(A^+,p") -> End(J(Af;^0/Q) 

by defining ip^{U() := [Wn'^W] for some n'^ € B[ with N(7r^) = £. 

Let j/ be the Neron model of J{Mui) iqi, over Z^. The universal property of Neron models induces a ring 
homomorphism 

(3.6) ^» : Ts(^A^+,p") ^ End(J(Mw')/Qj = End(:7). 

Let J7s be the special fibre J ®Xe "^p and J° be the connected component of the identity of Js- Let ^m^, = 
Js/Js be the group of connected components of Js- Then $m„, is an etale group scheme over ¥p with a 
natural TB(^Ar+,p")-module structure induced by (|3.6p . Let 

rr-J{Mu'){Ki)^<^M^, 

be the reduction map. 

We recall a description of $a/u, in terms of the graph Q. Define the source and target maps s,t : c {Q) — )• 
V{Q) so that for each oriented edge e, s(e) G V(t/) is the source of e and i(e) S V(t/) is the target of e. Let 
Z[V(5)]o be the submodule of degree zero divisors in Z[V(t/)]. Define the morphisms 

(3-7) Z[£(g)] '^•"''^•+*^> Z[V(g)]o, Z[V(g)] '''=-''+''-, Z[E{g)]. 

By [BLR90[ §9.6, Theorem 1], we have a canonical isomorphism 

(3.8) Z[£:(g)]/Imd* 4 Z[V(g)]o/Inid,d* ~ $a,/„, 

such that the following diagram commutes: 



m-v°Mu'{K,) -^^ J{Mu'){Ke) 



(3.9) 



Z[V(g)]o/Imd,d* — ^^ $ 



Af, 



M' 



where ry : Div'^ Mi(i{Ki) — > Z[V(tJ)]o is the specialization map of divisors defined in |Nekl2l §1.6.6]. We 
briefiy recall the definition of ry as follows. For each D € Div" Mui{Ki), extending D to a Cartier divisor D 
on Aiu' ®7,( Oki by taking closure, define 

(3.10) MD)= Y. (5.C)CGZ[V(g)]o, 

cev(g) 



where [D ■ C) is the intersection number in Mu' ®Xi O 



Kf 
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3.5. We review a description of $m„/ in terms of spaces of weight two modular forms f[ BD05l §5.5]). Let 
a,/3 : XB{U{t)) — > Xb{U) be the standard degeneracy maps given by 

^ = [^]u(i) ^ "(2;) = [h]u, (3{x) = [biTilu. 
According to (j3.4[) and (|3.5[) . the morphisms d* and d* in (|3.7|) are respectively identified with 

5^(Z^W,Z) '•^^'""''•^> (5^(Z^,Z)®2)o, S^{U,Z)®^ s'=-a-+p'^ S''{U{£),Z). 

Here {S^{U,Z)®^)o is the submodule of degree zero divisors in S{U,Z)®^ = Z[Xi3(W) x Xb{1()]. A direct 
computation shows that 

6 J* = (-«,,/?*)(«* - 13*) = H~^ ^ _J^ ^ e Af2(End(5(Z^,Z))). 

Define a ring homomorphism Tb(^A^^,p") — )■ End(5(Z^, Z)®^) by 

t^t: {x,y) ^ {tx,ty) if t G T^'^ (^iV+ , p" ) = T^')(iV+,p"); 

[/^ ^t/(? : (x, y) >-^ {-£y, x + T^y). 

This makes S{U,Z)®'^ a TB(^A^+,p")-module. Moreover, one can check that (5, is indeed a Tb(^A^+,p")- 
module homomorphism. 

Proposition 3.1 f Proposition 5.13. |BD05| ). We have an isomorphism as TB{£N^,p'^)-modules 

{S^{U,Z)®^)^l{UJ-l)S''{U,Z)®^c^^M,,. 

Proof. A direct computation shows that 

Uj -I = (5,(5* o r; t{x, y) = (x + T^y, y). 

Since r is an automorphism of S^iU^Z)®"^, we can deduce the proposition from the identification between 
Z[f(t/)] and S^{U{t),Z) as TB(£7V+,p"')-modules combined with the canonical isomorphism (|3.8p and the 
compatibility of Hecke actions |Rib90[ pp.463-464](c/. [BD05', Proposition 5.8] and |Nekl2l §1.6.7]). D 

3.6. CM points in Shimura curves. Take a point z' in C \ R fixed by ioo{K^) C GL2(R). The set of 
CM points by K unramified at £ on the curve is defined as 

CM'j^^^iMw) := {[z\b']u, I b' e B'\b'i = l} C MwiK^"). 

Let recx : K^ ^^ Gsi\{K'^^ / K) be the geometrically normalized reciprocity law. Shimura's reciprocity law 
says 

T:ecK{a)[z' ,b']w = [z' ,t' {a)b']u' . 
This implies 

Let CM.]^^^ {Mu'Y' be the subgroup of Div Mu'{Ki) generated by the degree zero divisors supported in 
CM^'"'(MmO- Then the speciahzation map ry : CM^"'^(Mw')° ^ Z[V(e)]o is given by 

(3.11) MY^n, ■ [z'X]u') = E'^' • yB'MMu. 

i i 

4. Construction of the Euler system 

4.1. The set-up. Let / e SkiXo{N)) be an elliptic new form of the level N with the (7-expansion at the 
infinity cusp 

A((Z) = Ea„(/)g". 

n>0 

Let Q(/) be the Hecke field of /, i.e. the finite extension of Q generated by {a„(/)},j. Let O be a finite 
extension of Zp containing the ring of integers of Q(/). Then it is well-known that SLq{f) belongs to O. We 
set 



a, 



(/) = the p-adic unit root of X — a.p{f)X + p' in Cp, ctqif) '■= Biq{f)q^^ if q ^ p. 
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We define an O-algebra honioniorphisni 

Xf : TBiN+,p)o = TBiN+,p) ®7.0^0 

by A/(T,) = a,(/), A/(5,) = 1 if q\pN and A/(C/,) = a,(/) if q\pN, A/((a)) = a^ for a e Zp\ 

4.2. Level raising. Let n be a positive integer and let d — O /{m"^). 

Definition 4.1. An n-admissible form T) — {A,g) is a pair consists of a square-free integer A of an odd 
number of prime factors and a p-adic quaternionic eigenform g G S {U]\r+,pn,On) for the definite quaternion 
algebra B over Q of the discriminant A such that the following conditions hold: 

(1) N~ I A and every prime factor of A/N^ is n-admissible, 

(2) g (mod m) ^ 0, 

(3) 5 is a Ts(A^+,p")-eigenform, and Xg = A/ (mod tn"), where Xg : Tb{N+,p")o = Tb{N+ ,p")(8)zO ~» 
On be the O-algebra homomorphism induced by g. Namely, 

Xg{T,) - a,if) for q\pN+ A, Xg{U,) = a,{f) for q\pN, Xg{{a)) = a^ for a e Z^ . 

We fix an n-admissible form T) = {A,g) and an n-admissible prime £ \ A with ei ■ ai = £ + 1 (mod tu^). 
Let B be the definite quaternion algebra over Q of the discriminant A. Write U = Uj^+pn C B^ for the 
open compact subgroup defined in (j221). Let T == Tb{N+,p")o and T^ = Tb{£N+,p'')o. We extend Xg to 
an O-algebra homomorphism AJj : T^ -^ On by defining Xg (Ue) := eg. Let Xg (resp. Xg ) be the kernel of 
Ag : T — > On (resp. Xg : T^^l — > 0„). The eigenform g gives rise to a surjective O-module map 

i>g : S''{U,0)/Xg -^On,h^ ^jg{h) :- {g,h)u. 

Proposition 4.2. We have an isomorphism 

^g:S''{U,0)/Xg^On. 

Proof. Let P^ C Xg be the ideal of T generated by | (a) — a~^~ | a e ZM. Let e — hm„^oo C^p ' be Hida's 
ordinary projector on the space of p-adic modular forms on B. Let Rm+ and RpN+ be the Eichler orders of 
level A^"*" and pN^ in B. Let V = R^+ and V(p) = R^j^+- By Hida theory for definite quaternion algebra 
(The case q = Q in. |Hid88| Corollary 8.2 and Proposition 8.3]), we have 

e.S''{U,On)[Pk]^e.S^{V{p),On). 

Taking Pontryagin dual, we find that 

e.5^(Z^,0)/(tn",Pfe) = e.5f (V(p),0)/(ti7«). 

Let e° = lim„^oo T"- be the ordinary projector on Sj^{V, O). Moreover, the p-stabilization map gives rise to 
an isomorphism 

(4.1) e°.5f(V,0)^e.5f(V(p),0), 

and induces a surjective map T — > e°.TB{V)o, which takes Up i— > Up, where Up is the unique unit root solution 
of X^ — TpX +p^~^ in e°.TB{V). Let m be the maximal ideal of T containing Xg. Since Up — ap{f) G m with 
ap{f) e O^, we find that 

5^(i/,0)na/(tn",Pfc) =5f (V(p),0)nx/(tn") ~5f (V,0)na/(tn"). 

By |CH12| Proposition 6.8], 5f (V,0)m is a cyclic TB(iV+,p")m-module, and hence S^{U,0)/Xg is generated 
by some modular form h as, a, TB(A^+,p")-module. Since ijjg is surjective and Hecke operators in T are self- 
adjoint with respect to (, )u, it follows that '4'gih) = {g,h)u € O^ and the annihilator of h in T is Xg. 
Therefore, 

S^{U,0)/Xg^T/Xg^On. 

This completes the proof. D 

Let B' be the indefinite quaternion algebra of discriminant A£ and let M„ ' — Mw be the Shimura curve 
attached to B' of level W introduced in gj] Let jI^"^ = J{M^^) be the Jacobian of mI^' and let $1^1 be the 
group of connected components of the special fibre of the Neron model of Jn over Ok^ ■ 
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Theorem 4.3. Let ^\J — $M (g)z O. We have an isomorphism 

Proof. Let ml^l be the maximal ideal of T^^l containing Xg. Let S = S^ {U , O) ^\t] . The embedding 
S "-^ 5®^, X f-^ (0,a:) induces an isomorphism 

Since m^ is not Eisenstein, 5®^ = [S^ {U,0)^'^)^w. By Proposition O we have a Ts(^7V+,p")-module 
isomorphism 

($|^J)„[., ~ 5®V(C^£ - 1) - S^^liU, - e,) ^ S/{uT, - £ - 1). 

In particular, we see that Ui acts on $y by e^. Combined with Proposition 14.21 the theorem follows. D 

Denote by Tp{j\^^) = ^^^^ Jn'[p™](Q) the p-adic Tate module of j]f'. 
Corollary 4.4. We have an isomorphism as GQ-modules 

Proof. Let T'^' := Tp{Jn)o- The argument in |BD05| Theorem5.17 and the remarks below], based on 
the ^-adic uniformization of Jn (Qf) and the Eichler-Shimura congruence relation (c/. [ Nekl2i §1.6.8]), yields 
Tl^I/ml^l ~ Tf^i and the exact sequence 

(4.2) ^M/If ^ H\Ke,TiVlf^) ^ El^{K,,X,IXf\ 

where Xi is the character group of the connect component of special fibre J^ of the Neron model of J„ . 
In addition, by the proof of |BD05[ Lemma 5.16], Theorem 14.31 implies that T^^l/Ig contains a cyclic O- 
submodule of order w". Thus, we find that r'^l/Ig ~ 0/(n7")ei © C'/(ti7'')e2 with r < n. Since the residual 
Galois representation p* is absolutely irreducible, we have an equality 

p/F[Gq]) = EndF(T/,i) = Endo(TM/m''l) (F = 0/{vj)). 
In particular, there exists an element h £ pj(0[G'q]) such that 

he2 = aei + be2, a e O^ , b e O. 
This implies that ci7'"ei = 0, and hence r = n. D 

Let ri : Jn {Km) — > '^q ® Cn[rm] be the reduction map 

7,{D) = Y. n{ii{a{D)))cy. 

(tGF™ 

Theorem 4.5. (1) There is an isomorphism 

which is canonical up to the choice of an identification of Tp{Jn )/Ig with Tf_n- 
(2) There is a commutative diagram 

j\^\Km)/lf^ > H\Km,Tf^„) 

di 



$g/zf ®oO«[r„] -^^ iJ,\„g(/f„,,,r/,„), 
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where the top horizontal map arises from the natural Kummer map, the lower horizontal map is the 
map given in above, and di is the residue map. Moreover, there is a similar commutative diagram 

Proof. This is a direct generalization of |BD05I Corollary 5.18]. See also |Nekl2l Section 1.7.3]. D 

4.3. Construction of the cohomology class k,-d{€}. In this section, we associate a cohomology class Kx>{i) 
in the Selnier group Sel^i{Koo, Tf_n) to an n-adniissible form V = (A, g) and an n-adniissible prime ^ | A. 

4.3.1. Fix a decomposition N^Ok = ^^51+ once and for all. For each q \ 7V+, define (^g e GL2(Qq) by: 

(4.3) <^, =6-'^ K ^ j e GL2(X,„) = GL2(Qq) ii q ^ ww is split with w\m+ . 

For each positive integer m, we define (^p' e GL2(Qp) as follows. li p = pp splits in K, we put 

(4.4) 4™) = (^^ ~^) (^^q" fj e GU{K,) = GL2(Qp). 
If p is inert in K, then we put 

(«) 4- ^ {\ ;) (c ;) ■ 

We set 

(4.6) ^(™) := 4™) n ^9 ^ GL2(Q(,^.)) ^ Bf^^,) ^ S^ 

Let 7?.m = Z +|7™C'if be the order of K of conductor p™. It is not difficult to verify immediately that 

(4.7) (<;(™))-l7^,=^„?'™^ C Wa,+ ,p„ if m > n. 
We define a map 



x™ : PicUrn = K^XK'^/n^ ^ Xb{U), K"" an'^ ^ x^{a) = K^™)]^/. 

4.3.2. Let W = lpb,b'{U^^^)0'^^ C i?"" and let Afi^' = Mw be the Shimura curve of level W. Let m be an 
non-negative integer. To each a £ iiT^, we associate the Heegner point Pm{o) defined by 

P™(a) := [(z',¥'B,s'(«''^^^"'^^n))]w' e AfM(c), 

where r„ e B^ j^^s is the Atkin-Lehner involution defined in ^2.41 By (|4.7j) and Shimura's reciprocity law, we 
see that 

P,n{a) G CM^^-"'-(Af M) n MM(ff™) if to > n 
and Pm{hY = Pm{ab) for cr = rec/<-(a) e G™ = Gal(iJ,„/i\:). 

Choose an auxiliary prime go \ piN^A such that 1 + qo — aqg E O^ . We define 

C,o : Div° MM(iJ„) ^ jM(ff™)o = Jl!\Hra) ®z O, 

P ^ U [P) = cK(l + go - r,jP) ® (1 + go - ago)"'- 
Let F,„ := P„i(l). Define 

aeGa.liHm/K^) 

Let Kum : Jn (Hm) <8)z C ^^ H^{Hm,Tp{Jn)o) be the Kummer map and let 

Kv{t)m :- Kum(A„) (mod if) G H\K„,,Tp{jl^%llf) = H\Krn,Tf^n)- 
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Note that ^©(i!)™ is independent of the choice of the auxiliary prime qq. Finally, we define the cohoniology 
class kt>{^) associated to an n-admissible form V = (A, 5) and an n-admissible prime £ by 

Proposition 4.6. The cohomology class Kx){i) belongs to SelA£(-P^cx), T/.n)- 

Proof. This should be well-known to experts. We sketch a proof here for the convenience of the readers. 
We need to show that for each integer m > n, 

(1) dgi^iv{e)m) = ioT q \ pAL 

(2) ieSg{Kvie)rn) € Hl^(Km,q,Tf ^n) for g | pM. 

Part (1) follows from the fact that J„ has good reduction at primes q ] pAiN^ and Lemma [T^ fl) for q \ N^. 
If q I iA, then part (2) is a standard consequence of the description of the g-adic uniformization of J„ ' at toric 
reduction primes q \ A£. It remains to show part (2) for q = p. Let I ^ Ig and let m^^' be the maximal ideal 
of T^^l containing X. Let T = Tp{Jn )o. Then the localization T^[i\ at ml^l is a direct summand of T, and we 
have maps as T[^l[GQ]-modules 

T -^ T^w -^ T^w/T = TjT ~ r/,„. 
Let E be the fractional field of O. The Gq-module V^{t\ :— T^xW ^o E is a, direct sum of p-adic Galois 
representations pg ® e attached to p-ordinary elliptic new forms g of weight two and nebentype e^^ with 
Pg® e = pf{^^) (mod mo). In addition, there is an exact sequence as T[^1[G'qp] -modules 

O-^Fp+KnW ^KuW ^KuW /F,tV^m ^0 
such that the inertia group of Gq^ acts on Fp'"V^[(?i (resp. V^n?] /-Fj^V^ifj ) via eje (resp. e^^), where ej : Gq^ — >■ 
(tM)><, a ^ (e(cr)). Let F+T^^m := F+V,^m n T^m. Then it is not difficult to see that F+T^m/I ~ F+Tf^^ 
as Gq -modules. Consider the commutative diagram 

4 -1 

Let K{D„i)m be the image of k(D„i) in H^{K„i^p,T^[i]). To prove the proposition, it suffices to show that 
a{K{D„i)m) = 0. 

By | iBK90 , Examples. 11], f3{K{Dm)m) belongs to the local Block-Kato Selnier group Hl{Km.p, Ki[*i)i which 
in turn implies that K{Dm)m hes in the kernel of the composition as ° (3 — {3^ o a in view of |Nek06| 
Proposition 12.5.8]. On the other hand, the map (3" is injective by (jPO|) (since H^{Kjyip,Tjx^[i]/Fj^Tjx^[i] (S)o 
E/O) = in view of Lemma Fl.Sp . so we conclude that a{K{Dm)m) =0. D 

5. First and second explicit reciprocity laws 
5.1. First explicit reciprocity law. Let V — (A, g) be an n-admissible form. Define 

QmiV) = apif)-"' J2 9{xm{a))[aU G 0„[G„]. 

[a]„^eG„^ 

Here [a\m '■= ^sck{o-)\h^ G Gm is the map induced by the geometrically normalized reciprocity law. Then 
0m-i(2?) coincides with the image of 0„i(2?) under the natural quotient map Gm -^ Gm-i, since g is an 
C/p-eigenform with the eigenvalue ap{f). Let 7r„i : Gm -^ r,„ = Gal{Km/K) be the natural quotient map and 
let 

(5.1) 0miV) = nmiQmiV)) G 0„[r™], ^oo (2?) = {OmiV))m G 0„ [F] . 

Theorem 5.1 (First explicit reciprocity law). For m > n > 0, we have 
Therefore, 

dt{KT,{£)) = e^{v) G o„[ri. 



18 M. CHIDA AND M.-L. HSIEH 

Proof. It follows from the commutative diagram (|3.9p and (|3.1ip that 

V^s(^K^m)) = Yl {9,Xm{ah)Tr,)u^ ^ g{x^{ab)) 

[b]^eGsi\{H„,/K^) [b]„eGal(_f/„/_ft:„) 

(a = ^™([a]™) e Ga\iK„,/K), a £ K""). 



Therefore, by Theorem 14.51 






= X! 9{Xm{a))TTm{[a]m,) = OmCD). O 

Remark. This equality depends on the choices of the embedding t£ : Q ^-> C^ and the isomorphism Tp{Jn ) jXg c: 
Tf^n. Different choices result in a factor in a unit in Op]. 

5.2. lhara's lemma. In this subsection, we retain the notation in ^ Ihara's lemma is the key ingredient in 
proof of the second explicit reciprocity law in [BD05| . We recall the following version of Ihara's lemma due 
to Diamond and Taylor [DT94 Theorem 2]. Let B' be an indefinite quaternion algebra of discriminant A^/. 
For an open compact subgroup V of B'^ , let A/y be the associated Shimura curve. For each p-adic ring A, 
let .^k{A) be the local system on My/Cp attached to LkiA) and let ^kiV,A) = Hl^{Mv /c^,^k{A)). Then 
^2(V,F) = Hl^{Mv/Cp,^)■ Let £ fP^B' be a rational prime. Denote by F = 0/{w) the residue field of O. 
Let m be the maximal ideal of Tb/(A^+,p") ~ Tb(£A^+,p") containing the kernel of the ring homomorphism 
\g defined below Definition 14.11 Then m is an ordinary and non-Eisenstein maximal ideal. 

Theorem 5.2 (Ihara's lemma). If V is a maximal open compact at the prime p and i, then we have an 
injective map 

l + m: i4(V,F)f -> iffc(V(£),FV, 
where rji is the degeneracy map at £. 

We will need Ihara's lemma for the open compact subgroup W. However, W = Wj^+ „ is not maximal at 
p, so we can not apply Theorem 15.21 directlv. 

Lemma 5.3. Suppose that ()P0|) holds. Then 

^k{V,¥)m-.^k{V{p),¥)m. 

Proof. We first note that the assumption (jPO|) implies that the injective map 

(5.2) ^k{V,Cp)^-^^k{V{p),CpU 

is an isomorphism. Indeed, by Eichler-Shimura isomorphism, the cokernel C of the map (j5.2|) is two copies of 
the space of ordinary modular forms on B' which is new at p and hence Up — p^~^ annihilates C. We thus 
conclude that the cokernel of the injective map 

i:iffe(V,0),n-^^fe(V(p),0)^ 

is torsion. By |DT94i Lemma 4], for a sufficiently small open compact subgroup 14, ^k{l4, 0)m is torsion-free 
and J^k{^, 0)m <E)V = J^k{^, F)m. This implies that i is an isomorphism, and so is i (g) F. D 

Corollary 5.4. LetU = Z^^+ , „. Suppose that (jPO|) holds. Then 

l + iir. J^2{U' ,¥)^[Pkf^ ^ J^2{U'{(.),V)^ 
is injective. 

Proof. Let i?^+ and R'^^+ be the Eichler order of level N+ and pN+ in B' . Let V = R'^+ and V{p) = 
R'^j^+. By Hida theory for indefinite quaternion algebras (The case g = 1 in |Hid88[ Corollary 8.2 and 
Proposition 8.3]), we have 

^2{U' ,¥)^[Pk] ~ ^k{V{p),¥)^, ^2{U'{£),¥)^[Pk] ^ ^k{V{ep),¥U. 
Combined with Theorem 15.21 and Lemma 15.31 the corollary follows immediately. D 
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5.3. Second explicit reciprocity law. Let £1,^2 | A be two n-admissible primes. Let B" be the definite 
quaternion algebra of discriminant Ab" = Ai\ii. Let i ~ ^2- We briefly discuss the reduction of CM points 
Pm G Ml!:^\Hm) modulo £. Let A^.[^' be the Kottwitz model of MJf'' (8)q Kg over 2^2 = Oki- We recall that, 
for a Z£2-algebra R and a geometric point s in Speci?, Ain {R) consists of prime-to-£ isogeny classes of the 
triple [{AjLjipl')], where 

• A is an abelian surface over R, 

• i : Ob' ^-> End A ® '2^{i) satisfies the Kottwitz determinant condition, 

• J] : B''^^^ ~ V'^'^\A-s) = T^^\A-s) (g) Q is an isomorphism of Osz-modules in the sense that 

ri{bx) = L{b)f]{x) for all b G Ob', 
and rjW = {77 • w | u e W} is a W'-equivalence class of isomorphisms. Here 77 • u{x) := ri(xu). 
Now let E/Ho be an elliptic curve with CM by Ok defined over the Hilbert class field Hq of K and let £ be 
the Neron model of E ®Hq,h K^ over Oki- Let A = Ey^oKi^ *^^^^ -^^ ^ A®¥i,2. Then B" = End%, (As) is 
the commutant of B' in End (.4s) = M2{D), where D is the definite quaternion algebra ramified at i and cxd. 
With a suitable endomorphism and level structure (laiVa) on A, the CM point Pq = [z', l]u' is represented 

by [{A,iA,riAU')] e M]^^\Ke) = M\t\OK,)- Let ipB",B' ■ i?"^^^"" ^ B'^'^''"' be the unique isomorphism such 
that the following diagram commutes: 

right multiplication by <^^// b'(&") b" 

B'Wx _:i_^ yW(y^s). 
»? 

Let U" = Vb1.b'{^'^^^)01" C B"'^. Henceforth, we will identify i3(^i^)x ~ B"(^i^)x via (Pb^,_b' " Vb,B'- 

Theorem 5.5 (Second explicit reciprocity law). There exists an n-admissible form D" ~ {A£i£2, g") such 
that 

viAM^2)) = vi,{Kv{ii)) = e^{v") e 04TI 
Proof. Let 

7 : Xb"{U") = B'^'XE'^'/U" = (B"^ n O^,, )\S"(^2)x/Z^"(^^) -^ M[f^l(F,2) 

be the map identifying Xb"{U") with the set of supersingular points in Mn i^p) defined by 

7([5'V)=[(A.,t.,^.-^B",B'(OW'))] 

(5" e 5"(^2)x^ (A,is,?7s) = {AiA,TlA)®^q). 
By definition, we have 

Pm{a) = [{A,iA,VA ■ VB,B'{Xm{a)Tn)U')\, 

and hence 

P,n (mod ^) = 7(a;„(a)r„). 

Let J7ii = P^"^*L[*2i/7 • Then 7 in turn induces a T^,7 (A^^,p")-module (via Picard functoriality) map 

7. : 7.[Xb..{U")] ^ J'^l(F,2)o/lfil, X ^ Cgo(7(a^)) = c/((r,„ - go - 1)7(2:)) ® {a,, - 1 - q)-\ 

By a result of Ihara |Iha99| Remark G,page 19] and Ihara's lemma (Corollarv l5.4p implies that 7* is indeed 
surjective. Therefore, we obtain a surjective map 

7, : 7.[Xb''{U")] ^ j;^l(F,2)o/lf 1 ^ HUKe,,Tf^n) ^ 0„, 

Therefore, 7* gives rise to a unique modular form g" e S^ iU" ,On) such that 7*(/i) = {h,g")u" for all 
/le Z[Xb"(ZY")]. By definition, 5" is an eigenform of T^,9(iV+,p"). Moreover, by [BDOSl Lemma 9.1], g" is an 
eigenform of [/^^"Operator with eigenvalue e^j. Define an O-algebra homomorphism X^ : Tb"{N^ ,p"-)a -^ 
On by t i~> Xf{t) if t G T^,^ ^ (A^+,p"), Ui-^ i-> ei-^ and [/^^ '^ ^£2- Then we conclude that g" is an eigenform 
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of Tb//(7V+,P") such that t ■ g" = X^j''^^\t)g" . Such an eigenform is unique up to C , since S^"{U",0)m" is 
a cyclic TB//(iV+,p"')ci-module by |CH12I Proposition 6.8]. By definition, we verify that 

la]„^GG„^ 
= ^ {Xm{a)Tn,g")u"'^{[a]m) 

= 51 9"(xm{a))7r{[a]m)- 

[a]™GG™ 

The rest of the assertions follow from the discussion in |BD05I pp.6 1-62]. D 

6. EULER SYSTEM ARGUMENT 

6.1. Preliminaries for Euler system argument. In this subsection, we assume Prr|) . (jPO|) and (|CR^3|. 

Let H = Pf (Gq) C GL2(Fp) be the image of the residual Galois representation p*f = Pf{^^) (mod tu). 

Lemma 6.1. The group H contains the scaler matrix —1. 

Proof. Let Z be the center of H. By Prr|) . Z must be contained in the group F^ of scalar matrices. If 
p I #H, then it is well-known that H contains a conjugate of SL2(Fp) (c/. |Rib97|, Corollary 2.3]), and hence 
— IgH. Assume H has prime-to-p order, then H/Z must be cyclic, dihedral, or the three exceptional groups 
S4, A4, A^. By Prr|) . H/Z cannot be cyclic. Let Ip be the image of an inertia group at the prime p in H/Z, 
which is a cyclic group of order greater than 5 by the assumption #(Fp )'^"^ > 5 in (ICR''~l|) . This excludes 
the possibility H/Z being the other three exceptional groups. Therefore, H/Z is dihedral and Ip is contained 
in the cyclic group of even order (fc — 1 is odd). This implies that the center of H/Z is of order two or four, 
from which it is easy to deduce that Z contains an element of order two. D 

Lemma 6.2. There exists an element h Cz H such that Tr(/i) = dct(/i) + 1 with det{h) =/= ±1 G ¥p. 

Proof. If p does not divide £^ — 1 for some £ \ N~, then we can take h to be the Frobenius Frob^. Otherwise, 
Pf is ramified at least one prime £ \ N~ by ()CR'^3|) . so H contains the image of an inertia group at £ whose 
order is divisible by p. We will show by arguments in [Rib97j that H contains a conjugate of GL2(Fp), and the 
lemma follows immediately. Since p \ ^H and H is irreducible, we may assume H/Z C PGL2(F) C PGL2(Fp) 
and H contains the group PSL2(-F) for some finite extension F/¥p by a well-known result of Dickson. In 
other words, H C ¥p GL2(F) and SL2(F) C H¥p . In particular, H contains the commutator [H,H] D 
[SL2(F),SL2(F)] =SL2(F). Let C := iJnGL2(F) be a normal subgroup of i/. Then SL2(F) C Cc GL2(F). 
Let 7 G _ff be a generator of the image of an inertia group Ip at the prime p. Then det 7 = m with u a generator 
of Fp , and the trace Tr(f7) = U2 +u^~2 g F^ is non-zero as #(Fp )'^~^ > 2. On the other hand, write 7 = 70 A 
with 70 G GL2(i^) and A G F^. Then A = Tr(7o)/Tr(7) G F^. We find that 7 G C and det C = F^. From 
these analysis, we conclude that 

C={heGL2{F) \deth^¥^} CH 

and H contains GL2(Fp). This completes the proof. D 

Theorem 6.3. Let s < n be positive integers. Let k be a non-zero element in H^{K, Af^). Then there exist 
infinitely many n-admissible primes i such that dtin) — and the map 

v,:{K)^HUK,,Af^s) 
is injective, where (k) is the O-submodule of H^{K, Afs) generated by k. 

Proof. We follow the proof of [BD05I Theorem 3.2] with some modification. Suppose that (k) ~ O/m^O. 
Since the map H^^J^K^, A/_i) -^ H^^{Ki, A/,s) induced by the inclusion is injective for all n-admissible primes 

i, replacing k by w^~'^k, we may assume s — 1 and k G H^{K,Af^i). Let Fn = Q " be the finite extension 
cut out by pn '■— p*f (mod to") : Gq — > Autc)(A/,„) = GL2(C'„). Since p„ is unramified outside Np and 
{Dk,Np) ~ 1, K and F„ are linearly disjoint. Put A/ — KF. Let r be the non-trivial element in Ga\{K/ 
Q). Then Gal(M/Q) = Gal(i^/Q) x Gal(F„/Q) can be identified with the subgroup of (t) x Auto(A/,„). 
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Therefore we may write an element of Gal(Af/Q) as a pair {t^,(7) with j G {0,1} and a G A\ito{Afn)- 
By Lemma [6.11 the image H contains the scalar matrix —1, which in turn impHes that pn{Gal{Fn/Q)) also 
contains the scalar matrix -1. It follows that H^{M/K,Af^n) = H'^{F/Q,Af^ri) = f jBDM Lemma2.13]). 
Therefore, the restriction map H^{K,Af^i) -^ H^{M,Af^i) = Hom(Gj\/,yl/_i) is injective. Let M^ be the 
(non-trivial) extension on M cut out by k of k under the restriction to H^{M,Af,i) — ilom{GM,Af^i). Let 
Ck := K(Gal(M„/M)) C Af^i be a Fp[Gal(M/Q)]-submodule, and dimp^ C^ = 2 by (jlrr]) . 

Assume without loss of generality that k belongs to an eigenspace for the action of r so that tk = Sk for some 
6 e {±1}. Under this assumption, the extension A/„/Q is Galois. Moreover, Gal{Mi^/Cl) is identified with the 
group A« X Gal(Af/Q), where Gal(M/Q) acts on A^ by the rule (r^ cr)(w) = S^ pi{a)v for (r^, cr) e Gal(M/Q) 
and V € Af^. As —1 e p„(Gal(i^„/Q), it follows from Lemma [6.21 that we can choose a triple {v,T,a) as an 
element of Gal(MK/Q) such that 

(i) Pn{c) G GL2(C'„) has eigenvalues 6{= ±1) and A, where A e (Z/p"Z)^ is not equal to ±1 (mod p") 

and the order of A is prime to p, 
(ii) the element v ^ G A^, and belongs to the (5-eigenspace for a. 
By Chebotarev density theorem, there exist infinitely many primes i with £ \ N such that £ is unramified in 
Mi^/Q and satisfies 

FToheiMjQ) = {v,T,a). 
Then Frob£(M/Q) — (r, ct) implies that £ is n-admissible. For each prime I of M above £, let d be the (even) 
degree of the residue field corresponding to [. Then we have 

Frob[(M„/M) = {v, r, a^ = v + 5av + a'^v ^ h 6a''^^^ == dv. 

Since d is prime to p, K{Frohi{Mi^/M)) = dK{v) ^ and hence u<>(k) = (K(Frob[(M^/Af)))[|^ ^ 0. This 
finishes the proof. D 

Definition 6.4 (n-admissible set). A finite set S of primes is said to be n-admissible for / if 

(1) All £ G S are n-admissible for /, 

(2) The map Se\A{K,Tf^n) ^ ®ees ^LiKi^Tf^n) is injective. 

Proposition 6.5. Any finite collection of n-admissible primes can be enlarged to an n-admissible set. 
Proof. It is a simple application of Theorem 16.31 D 

6.2. Control theorem (II). Let S be an n-admissible set for /. In this subsection, we prove control theorems 

for the compact Selmer group Sel^{Kac,, Tf_n)- We begin with some preparations. Let L/K be a finite extension 
in Koo- 

Lemma 6.6. The natural map 

SelA{L,Tf^n) ^^HULi,Tf^n) 
ees 
is injective. 

Proof. Let C be the kernel of the map SelA(i,I7^„) — > 0fg5 -f^fin(i£, 7/^„). If C is non-zero, then 
there exist a non-trivial element k in C fixed by Ga.\{L/K) as Ga.\{L/K) is a p-group. Thus, k belongs to 
Se\A{K,Af,n) by Proposition II. 9i and the image of k under the map SelA{K,Tf\n) — >■ ^^^g H^^(Ki,Tfn) is 
zero. This contradicts with the definition of n-admissible sets. D 

Lemma 6.7. We have an exact sequence 

^ SelA(L,r/,„) -> Seli(L,T/,„) ^ i/i,^g(L,,T/,„) ^ SclA(£,r/^„)^ ^ 0. 

ees 

Proof. We have seen in Proposition 11.61 and Proposition II . 71 that the local conditions defining the Selmer 
group SelA(i,'?7_„) and SelA(i,^/,ra) are orthogonal complements of each other. Therefore, by Poitou-Tate 
duality (c/. [RubOOl Theorem 1.7.3]) we have an exact sequence 

^ SelA(i,T/,„) -> Seli(i,r/,„) ^ iJ^i^g(i,,T/,„) -> SelA(i, A/,„)^. 
The last map is indeed surjective by Lemma [6.61 D 
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Proposition 6.8. The On[Ga\{L/K)]-module Seli(L,T/,„) is free of rank #S. 

Proof. This is a direct generalization of the proof of [ BD94I Theorem 3.2] after we replace Lemma 2. 19 and 
Lemma 3.1 loc.cit. with Proposition 1 1.91 and Lemma 16. 71 respectively. D 

Remark. If / is a new form attached to an elliptic curve E, the assumption (PO) implies that ^E{ky) is prime 
to p for all place v 'm K above p, where k^ is the residue field of Ky, which is |BD94i Assumption 2.15]. 

Corollary 6.9. // S is an n- admissible set for f , then 

(1) the natural map SelA(^oo, ?/.«) ~^ Sel{KrmTf^n) is surjective. 

Q 

(2) Se\^{Kao^Tf„) is free of rank #5 over A/n7"A. 

Proof. Part (2) is an easy consequence of part (1) and Proposition 16.81 Note that Proposition 16.81 implies 
the corestriction map cor„ : Se\/s^{Km+i,Tfn) ~^ Sel {K^mTf^) is surjective for all m hy a, cardinality 
consideration. Part (1) follows. D 

Proposition 6.10. If S is an n-admissible set, then we have isomorphisms 

Proof. This is a consequence of the combination of Proposition 16.81 and Corollary 16.91 D 

6.3. Divisibility. 

6.3.1. Let iy9 : A — >■ Oip be an O-algebra homomorphism. where Oip is a discrete valuation ring of characteristic 
0. Let w^ be an uniformizer of O^ and m^p the maximal ideal of O^. If M is a finitely generated Oj^ -module, 
for each x € M we define 

ord^^ (x) := sup {m G Z>o | x £ ru^M} . 
It is clear that x = if and only if ordro (a;) = oo. If M is a A-module, we let M (E)^ O^ := M (E)A.ip O^. 

6.3.2. For a finitely generated A-module M, we denote the characteristic ideal attached to M by charA(M). 
Recall the following result of Bertolini-Darmon [BD05[ Proposition 3.1]. 

Lemma 6.11. Let M be a finitely generated A-module and L is an element of A. Suppose that for any 
homomorphism (^ : A — > O^, we have 

lengthc,^(M ®^ O^) < ord„^((^(L)). 

Then L G charA(M). 

Let n be a positive integer and let A > 1 be a square-free product of an odd number of prime factors 
which satisfies Definition 14.11 fl). For each n-admissible form T> = (A,/„) as in Definition 14. II we define two 
non-negative integers: 

sv =lengthc)^ SelA(ifoo,^/,n)^ ®y ^<(=; 
tv =ord^^</?(6'oo(2?)) 

(¥^(^00(2?)) e o4ri ®^ o^ = o^/K)). 

The following proposition is the analogue of |PW1H Proposition 4.3]. 

Proposition 6.12. Assume that (CR ) and (jPOp hold. Let t* < n be a non-negative integer. Let T>f = 
{A, fn^t') be an (n + t*)- admissible form and let TD^ — T>f {mod w"^) :— (A,/„+t« (mod zu"')) be an n- 
admissible form. Suppose that tx>a < t* . Then we have sx>q < 2i-pp . 

Let TT be the unitary cuspidal automoprhic representation of GL2(A) attached to the new form /. Let 

Ooo ■■= eoo(7r, 1) G A 

be the theta element with trivial branch character defined in |CH12I page 21]. 

Proposition 6.13. If A — N^ , there exists an n-admissible form 2?^ = (A^",f„ ) such that 

e{V{) = 6*00 {mod tn"). 
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Proof. Let A = N~' and let B be the definite quaternion algebra of the absolute discriminant N^ . Let 
A} : Tb{N+) ^ O be the ring homomorphism defined by AJ(rj = a,(/), XjiSg) = 1 ii q \ N and X}{Uq) = 

ctqif) ii q\N . By Jacquet-Langlands correspondence, there exists a modular form f e S^{R^^ , O) such that 
f ^ (mod w) and f is an eigenform of Tb{N+) and tf = A}(<)f for all t e Tb(7V+). Let ft g 5f (^^^^ , O) 
be the p-stabilization of f defined by 



t\b)^m~p'^A;'-iib(p~^' ;)). 



The theta element 6*00 is essentially constructed from the evaluation of ft at Gross points (See |CH12I Definition 
4.1]). Define f^'^'^^'l G 5^(Z^jv+,p",On) by 

ft-['=-2l(6) := V^"^ . (X'=-2,ft(6))fe (mod tn"). 

Following the argument in the proof of |CH12I Theorem 5.7], one can show f„ ^ (mod hj"), and 

I?^ :— {N^ ,{n ) is the desired n-admissible form. D 

We deduce our main theorem (Theorem [IJ from the above propositions. 

Theorem 6.14. With the hypotheses (CR^) and (jPOp . we have 

chavASeliK^, Af) D {Lp{K^J)). 

Proof. Let <^ : A ^- O^p be an O-algebra homomorphism. If (fi{Lp{Koo, /)) — 0, then (p{Lp{Koo, /)) belongs 
to Fittc)^(Sel(ii'oo,^/)^ <XiA Oip) clearly. Therefore we may assume that (p{Lp{Koo, f)) 7^ 0. Choose t* larger 
than the O^-valuation of (p{Lp{Ka2, f)). For each positive integer n, consider the {n + t*)-admissible form 
X>/^^^. = {N-jI'^''^'^^) in Proposition EIISl Applying Proposition [632] to X>,{+j. and D^ = X>,{+t. (mod to"), 
we find that (p{Lp{Koc f)) (mod ro") = ip{9oo{T^(i)) belongs to ¥itto^{^e\N-{KooTAf^nY®^Oip) for all ip and 
n. By LemmaEm Lp{KooJ) belongs to n^^i FittA Seljy- {K^, ^/,n)^ = FittA Seljy- (-fCoo, AjY . By |Vat03| 
and |CH12| . Lp{Koo, f) 7^ 0, so Seljy- {Koo, Af) is A-cotorsion. The theorem thus follows from Proposition 1 1.3 1 

n 

Corollary 6.15. With the hypotheses (CR) and (|P0[) . if the central L-value L{f /K, ^) is non-zero, then 
the minimal Selmer group Sel{K,Af) is finite. Assume further thafpf is ramified at all £\ N^ . Then 

lengtha{Se\{K,Af)) + ^ t^ii) <ord^ I^M^^\ , 
e\N+ \ ^ J 

where tf{(.) are the Tamagawa exponent at L 

Proof. Note that Hl^^^{Ki,Af) = {0} for £ \ N^, so we have an exact sequence 

^ Se\{K,Af) ^ SelN-{K,Af) ^ H Hl^{K,,Af). 

By the interpolation formula (|0.2p of Lp{Koo, /) at the trivial character 1 and the fact ep{f, 1) is a p-adic unit 
under (jPOp . we find that 

l{Lp{K^,f)) ^u- (, '^ for some wgC. 



By the control theorem Proposition 11.91 and Theorem 16.141 



lengtho(SelAr- (if, Af)) ^ ord^ ( ^^^ '^' ^> ) < 00. 



"/ 
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In particular, Sel]y-{K,Af) is finite, and by |Gre99l Proposition 4. 13] the map 7 is surjective. Therefore, we 
have 

lengthoiSel^-iK, Af)) =\engtha{SeliK, A f)) + ^ lengthy (iJ^„ (if,, A/)) 

e\N- 

^hngthaiSeliK, Af))+ ^ tfii). 

This finishes the proof. D 

6.4. Proof of Proposition 16. 12l We will prove Proposition 16.1 21 bv induction on t-pg. If tp^ = 00 or spj, = 
then sx>„ < Siu,, holds trivially. Therefore, without loss of generality, we may assume that 

• ic„ <00 ^^ (^(0ooPo))^O, 

• s-Dg > ■i^=> SelA{K 00, A f^n) ®ip O^ is non-trivial. 
We write t — tp^ . Consider the (n + i)-admissible form 

2?:=(A,/„+t. (modtn"+*)). 

Let i be an (n + i)-admissible prime which does not divide A. Enlarge {£} to an {n + t)-admissible set S with 
(5, A) = 1 and let 

KT,{t) e SelA<?(ii'oo,T'/,„+t) C Se\^{Koo,Tf^ri+t) 
be the cohomology class attached to T) and I constructed in J4.3I By Corollary 16. 9| the module Al„ := 

861^(^^00, 7/^„) (g);^ O^ is free over 0^/Lp{w"')Otp for all n. Denote by k-d,i^(^) the image of k.x){1) in M.n+t 
and let 

ei,(£):=ord^^(«;i,,^(i?)l]. 
It follows from Theorem 15.11 that 



ev{t) < ordro^((9£K-D,ip(^)) = ord„^(<^(0oo(2?))) = ordi:^^(i^(0oo(2?o))) = *• 

Choose an element liv,ip{^) G A^n+i which satisfies zu^ •Ti'D,tp{(-) = H'D.ipi^)- Note that 'liv,ip{^) is well-defined 
up to the kernel of the homomorphism M.n+t — > TWn- Let k'-j-, {£) be the natural image of the cohomology 
class Kv,ip{£) in Mn- 

Lemma 6.16. The cohomology class k^ {£) e SelA(iir(x),T/^„) (8)^ O^ satisfies the following properties: 

(1) OTd^^{n'^Jl))^Q, 

(2) OTd^^{d,{K'^^^{l)))^t-ev{£), 

(3) dgiK'^^^ie)) = Oforallq]Ai, 

(4) res,{K'^je)) e i?i,d(ifoo,g,T/,„) ®^ O^ for all q \ M. 

Proof. By Proposition 16.101 the map A^„+t/ci7^A^„+f — ?► M.nl'^ipM.n is an isomorphism, so we have 
ord-cj^in'-j-i {€)) — ordro^(Ki3,i^(^)) = 0. Part (1) follows immediately. Part (2) is a direct consequence of 

Theorem 15.11 Part (3) and (4) follow from the fact that K'p{£) belongs to Se\Ae{Koo,Tn+t) ®<p O^ and the 
freeness result of the ordinary cohomology group at £ in Lemma 11.51 D 

Lemma 6.17. Let rjg be the natural homomorphism 

r^i : H^-^^g{Koo^e, Tf^n) ®v O^ -> SelA(ifoo, Af^,,Y ®^ O^ 
sending k, to rjiln) : s 1— >■ {K,ve{s))i. Then we have rii{di{Kijy {£)) = 0. 

Proof. Let s e SelAiKoo, Af^n)[^eT cp]. By Lemma EUS] (3) (4), we see that {dq{K'-p^^{£)),Vq{s))q = for 
all g 7^ f . The lemma thus follows from the global reciprocity law (|l.ip . D 

Lemma 6.18. Ift = 0, then s-p,, — 0, i.e. SelA(-^oo, ^/.n)^ '^v ^v '■' if'ivial. 



The definition of e-p(^) also depends on an auxliary choice of S. 
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Proof. li t — 0, then 1^(000(^0)) is a unit in 0^/{tj7^). By Theorem l^TT] this impHes that di[Kx>^^{i)) 
generates H^- {Koc,£,Tn) ®if, O^p for any admissible prime £. Therefore the map rji in the Lemma 16.171 is 
trivial for all admissible primes. Assume that SelA(^oo,^/,n)^ 'i^^ O^p is non-trivial. By Nakayama's lemma, 

is non-zero. Let s be a non-trivial element in SelA(^oo,^/,Ti)[TnA]- B v Proposition fTT^ f 1 ) . SelA(i^oo,^/,n)[iTiA] = 
SelA(-f^, ^/,i)j so s can be viewed as an element in H^{K, Af^i). By Theorem l6.3i we can choose an n-admissible 
prime £ | A such that di{s) = and vi{s) ^ 0. Since the local Tate pairing ( , )£ is perfect, rji is non-zero. 
This is a contradiction. D 

In view of Lemma [6.181 we may assume that i > 0. Let 11 be the set of rational primes i satisfying the 
following conditions: 

(1) £ is (n -I- <*)-admissible and i\ A, 

(2) The integer ex)(^) = ord^ {kt>.<p{()) is minimal among £ satisfying the condition (1). 
Then H 7^ by Theorem O Let e = e-v{£) for any £ £ U. 

Lemma 6.19. We have e < t. 

Proof. Suppose that e = t. Then ex>{£) = t for all {n + i*)-admissible primes £ since e'p{£) < t. By 
Proposition 1 1 .91 f 1) . H^{K, Ai) —> H^{Koo, ^n)[TnA] is an isomorphism. Hence there exists a non-zero element 

By Theorem l6.3l fl). there exists an (n-|-i*)-admissible prime £ such that w^ (s) is non-zero in H^^^{K, Ai)(E)ipO^. 
On the other hand, by Lemma r6.16l f4l. the image of ^^(k^ „(i?)) in H'^{Ki,Tf^i)^^0^ is non-zero. Moreover, 
by Lemma [6.171 the image of de{Kip^^{£)) in H^{Ki,Tf^i) (g)^ O^ is orthogonal to Vi{s) with respect to the 
local Tate pairing. Since the local Tate pairing 

is perfect and H^^{K, Aj^i) (E)ip O^ and Hi- [K^ Tf^i)®^ O^p are one dimensional vector space over O^/wipO^, 
this is a contradiction. D 

Let £1 £ H and S be an {n + t*)-admissible set containing £1. Let ki be the image of k'j, {£1) in 

where the last map induced by the corestriction is injective by Proposition l6.10l Hence, ki is non-zero element 
in H^{K, Tf^i) (g)^ Oip. By the first part of Theorem 16.31 there exists an {n + i*)-admissible prime £2 \ A such 
that 9£2(k;i) = and 

It follows from the fact vi^{ki) 7^ and the minimality of e = eD(i'i) = ord^ {Ki:>,,p{£i)) that 

(the last inequality is due to the fact that vi-^ is a homomorphism) . By the second explicit reciprocity law 
(Theorem 15. 5p . there exists an (n -|- i* )-admissible form 2?"* — {A£i£2, gn+f) such that 

ve.iMh)) = ve,{nvA^2)) = eocC^t) iP'; = {A£i£2,gn+t' (mod vd^+'))). 

In particular, ordj^ (v^^ (Kx),ip(i?2))) ~ ordi^^ {vii^{K.-D.ip{£i)))- We thus conclude that 

oyd^^{vi,^(KT>^^{£i))) = ev{£i) = ev{£2) = e and £2 G H. 

Let Vq := {A£i£2, gn+t' (mod tu")). Then we have 

Therefore, we can apply the induction hypothesis to 2?". and conclude that s-p" < 2tx>" ■ To finish the proof, 
it sufiices to show 

(6.1) ST,,<ST,.;+2{t-tT,,,). 
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Let Si£^£^-\ denote the subgroup of SelA(^oo: 2^/,n) consisting of classes which are locally trivial at the primes 
dividing £i and £2- By definition, there are two exact sequences of A-modules: 

(6.2) iJ^i,g(i^ooA>r/.„)©iJ^i„g(i^ooA,T/,„) ^ SclAiK^, Af,,,y -> ^j^^,^, ^ 
and 

(6.3) HUKoo,^.,Tf^n)®HUKoo,,.,Tf,n) ^ Se\A^,£,{Koo,Af,,r ^ 5[^,^.] ^ 0, 

where rjs and 77/ are induced by the local pairing ( , )^i © ( , )^2- -Let rjf (resp. 77^) denote the map induced 
from rjs (resp. yyp after tensoring with O^ via ip. Fixing an isomorphism (Bf^iH^i^g{Koo,eiTf^n)(^ipO^ ~ C**^, 
from Lemma 16.171 we deduce that rjf factors through the quotient 

Moreover, by Lemma [6. 161 f4'). we have 

Hence, from (|6.2p we obtain the exact sequence 

(6.4) (o^/iml'*'^")^ ^SelA(ifoo,A/,„)^®^0^-^5[^^,^]®^0^^0. 
Lemma 6.20. The kernel of rfr contains the elements {^,vi^{k,'j, {£1)) and (w£j(k^ (^2)),0). 
Proof. Let s e SelAj?ij?2(-^oo,^/,n)[ker(p]. By Lemma [TT71 and Lemma [6.161 (3) (4), we have 

{dq{n'v,^{^i))^Vq{s))q = for g f A^ and (res£i(K^ .^(^i)),res£i(s))f, =0. 

By the global reciprocity law, we find that (w^al^p (p(^i))jres^2(s))£2 = 0. The same argument shows that 
{vtii^'xi M(^2)),i'esfj(s))£j = 0. This completes the proof. D 

Fixing an isomorphism S)i^iH^^{Koo.iiTf^n) ®f O^p ~ O^^, from (|6.3p and Lemma [6.201 we deduce the 
exact sequence 

Note that 

OTd^^{vt^{K.'j,^^{ii))) = ord^^(w£i(Ki, ,^(4))) ^ t-D- - e == 0. 
We thus find that 

(6.5) Se\Ai,i,{Koo,Af^ny ®v O^ 4 Sj^^^^j ®^ O^. 
Now it is clear that (|gJ|) follows from ([0| and (p3|) . 
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